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ABSTRACT: Earth pressure coefficients for the ultimate limit state are usually derived considering the effect
of vertical surcharge loading, the unit weight of soil and the effective cohesion as individual load components.
This paper sets out the theoretical basis for adjusting the earth pressure coefficients when accounting for shear
stresses along the retained soil surface, e.g. braking loads from trains. Focus has been given to the drained
surcharge case. Corresponding results for the cases with effective cohesion and with the unit weight of soil have
been discussed.

RESUME: Les coefficients de pression terrestre pour I'état limite ultime sont généralement calculés en tenant
compte de l'effet de la surcharge verticale, du poids unitaire du sol et de la cohésion effective en tant que com-
posantes individuelles de la charge. Cet article expose les bases théoriques permettant d’ajuster les coefficients
de pression terrestre lors de la prise en compte des contraintes de cisaillement le long de la surface du sol retenue,
par ex. charges lors de freinage des trains. L'accent a été mis sur le cas d une surcharge drainée. Des résultats
correspondants pour les cas ayant une cohésion efficace et avec le poids unitaire du sol ont été discutés.
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1 INTRODUCTION Olllllliiilllllll
- D

Figure 1 is a geometrical representation of a soil
that fails because of the wall, OA is being pushed
towards the soil. Passive pressures are found
when the wall moves towards the soil whereas ac-
tive pressures reflect the wall moving away from
the soil.

The scope of this paper is to investigate the  Figure 1. Passive failure in a weightless frictional soil
change in the earth pressure when shear stresses  behind a fully rough and vertical wall.
acts along the soil surface.
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A.4 - Theoritical modelling

When dealing with earth pressure problems for
a drained situation, three idealised contributions
are usually investigated independently.

Each contribution has its own earth pressure
coefficient (effective unit weight, »” with K,, sur-
charge, p with K, and effective cohesion, ¢’ with
K¢) and the unit earth pressure is found by z- K,
+ p-Kp + ¢-Kc where the term z-y is the vertical
effective overburden pressure at the depth z and
where the surcharge p is a vertical stress per unit
of horizontal area.

In this paper, the theoretical basis for the sur-
charge case is given. The approach details the
methodology from EN 1997-1, Annex C.2, which
has been adopted from (Hansen 2001). The theo-
retical basis is extended to include the effect of
shear stresses along the soil surface. The ¢ ’-case
and the y’-case have been included.

The basic assumptions applied are: A) the soil
is homogeneous and isotropic, B) a failure within
the soil can be described through a stiff-plastic
drained Mohr-Coulomb failure criterion with ¢’
and ¢’, C) the slip lines within the soil are consid-
ered as stress characteristics and D) all stress
components and other parameters refer to an ef-
fective stress state.

2 VERTICAL SURCHARGE CASE

The earth pressure problem on Figure 1 includes
a passive Rankine zone OCD and a Prandtl zone
OAC. Boundary conditions along OD are out-
lined in Section 2.1 while Section 2.2 discusses
the boundary conditions along the wall OA. Sec-
tion 2.3 describes the derivation of the earth pres-
sure coefficient.

2.1 Boundary condition at the soil surface

Figure 2 illustrates a small soil element in passive
failure and where the element is bounded by the
inclined soil surface and the slip lines (a-line and
b-line) which are stress characteristics with the
obtuse angle being defined by n/2+¢".
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The local t-n-coordinate system is rotated so
the t-axis on Figure 2 coincides with the soil sur-
face OD on Figure 1. Equations considering the
boundary conditions at the soil surface refer to
the local t-n-coordinate system, but these bound-
ary conditions can be transformed to the global x-
y-coordinate system once the value of m; is
known.

Figure 2. Soil element at soil surface drawn for a pas-
sive failure state using ¢’ = 30°and g =10°

The value of po on Figure 2 is the vertical sur-
charge per unit of surface area and oy is the pro-
jection of po on the local n-axis while 7 is the
corresponding projection on the local t-axis. It
may be shown that the stress components for a
plastic failure state, relative to the t-n coordinate
system, can be described by Equations (1)-(3), cf.
(Hansen 2001):

o= 0, [1+sing sin(2m; + ¢)] Q)
o,=0,[1-singsin@Cm;+ ¢)] (2
Tin = —0', Sing cos(2m; + ¢) (3)
Where o’ is the mean effective stress, e.g.
(ox+0oy’)2 with stress components referring to
the x- and y-axis on Figure 2. From Figure 2 and
Equation (2) it is seen that oy = o’ = po-C0OS S and
Equation (3) implies 7 = 7 = po-sinfo. Eliminat-

ing o’y leads to:

cosCme + ¢ + Bo) = —sinf,/sin ¢ (4)
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Effect of tangential surface load components on earth pressure coefficients

Equation (4) allows for estimating the value of
m. directly. Setting o’n = oo in Equation (2) leads
to the mean effective stress in the soil element:

o, = op/[1 —sin ¢ sin(2m; + ¢')] (5)

It may be proven that the slip lines within the
Rankine zone are straight lines so the value of m;
is constant for the Rankine zone. The straight slip
lines can be utilised to show that o, within the
Rankine zone is also constant. These conclusions
are based on a weightless soil and a uniform sur-
charge.

2.2 Boundary conditions at the wall

Figure 3 shows a soil element in a passive fail-
ure and where the element is bounded by the wall
and the a-line and b-line.

Figure 3. Soil element along the wall, drawn for a pas-
sive failure state. The symbols e and f represent the
normal and the tangential components of earth pres-
sures [unit of stress], respectively.

The local t-n-coordinate system is shown with
the n-axis coinciding with the wall proper, which
is inclined 6, relative to vertical. The angle m; on
Figure 2 corresponds to the angle my, on Figure 3,
and the Equations (1) and (3) can thus be refor-
mulated by replacing m: with my, as shown in the
Equations (6) and (7):

oy =0, [1+sing¢ sin(2m,, + ¢')]=e (6)

—Tn = 0y Sing@ cos(2m,, + ¢ )=f  (7)
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The last equality sign in the Equations (6) and
(7) are seen directly from Figure 3. The sliding
condition along the wall can be formulated using
the Mohr-Coulomb failure criterion:

f =etano (8)

Where §is the interface friction angle between
the soil and the wall and where |9 < |¢’].
Inserting Equation (6) and (7) into (8) leads to:

cos(2my, + ¢ + 8) = sin 5 /sing’ 9)

Equation (9) allows for estimating the value of
my, and the values of e and f can thus be found
from Equations (6) and (7) directly.

2.3 Estimating the earth pressure
coefficient

2.3.1 Statical and geometrical considerations
Section 2.1 concluded that the Rankine zone
OCD on Figure 4 is characterised by straight a-
lines and b-lines together with constant values of
m;and o'y.

Figure 4. A passive surcharge case using ¢’ = 309 &
= 20 °with the wall and the soil surface inclined +10°,

The straight slip lines in the Rankine zone im-
plies that the adjacent b-lines in the Prandtl zone
OBC on Figure 4 also needs to be straight. Since
the obtuse angle between an a-line and a b-line
needs to be n/2+¢°, the a-lines within the Prandtl
zone must be logarithmic spiral arcs with a char-
acteristic angle of ¢’, and these arcs must have
point O on Figure 4 as the pole point.
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A.4 - Theoritical modelling

A wall zone OAB on Figure 4 will develop for
a partly rough wall 0 < || < |¢’|. The b-lines in
the wall zone needs to be straight lines because of
the straight b-lines in the Prandtl zone. Since the
obtuse angle between the a- and b-lines need to
be n/2+¢’, the a-lines have to be straight lines
too.

If considering a smooth wall (6= 0) it is seen
from Equations (4) and (9) that the angles m,, and
m; are alike and the Prandtl zone will vanish.

Independently of the value of &, the angle be-
tween OB and OA on Figure 4 is my+ ¢’ (see also
Figure 3) so the geometry of the wall zone OAB
is defined when the height of the wall and the an-
gle my, are known.

Once the wall zone has been constructed, the
Prandtl zone can be established by the polar equa-
tion for the logarithmic spiral arc:

R = R, exp(6 tang")

Where the symbols are seen on Figure 5, rep-
resenting the outer boundaries of the Prandtl zone

Figure 5. Logarithmic spiral arc reflecting the outer
boundaries of the Prandtl zone on Figure 4.

The centre angle of the logarithmic spiral arc
in the Prandtl zone is called 2a., cf. Figure 5, and
the value can be found by geometrical conditions
derived from Figure 4:

2, = my—my, + f—0, (10)

The value of 2a; must be non-negative for the
Prandtl zone to be geometrically possible. The
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geometry of the failure mechanism is thus estab-
lished.

2.3.2 Computational approach

Let o'c denote the mean stress within the passive
Rankine zone OCD, and o’c can then be found by
Equation (5). It may be shown that the value of a
stress component changes along a logarithmic
spiral arc, and from point C to point B the change
can be described by:

o'c=dgexp(datan @) (11)

Since the wall zone has only straight slip lines,
the stress components are constant within the
zone, and o’s is thus the effective mean stress
within OAB.

For the surcharge case we seek the relation e =
Ko-p. We know that 5, = g for the p-case, and we
know that ¢’o = po-c0S3 = p-c0s?f3, SO combining
the Equations (5), (6) and (11) implies:

K, = Kycos?f8 -
Where:
K, = Ssinesin@myte) ) 4q tang’) (13)

1-sin ¢r sin(2mg+¢r)

The angles my, myand 2 ¢ are estimated by the
Equations (9), (4) and (10), respectively.

Positive values of ¢’ and dshall be used when
describing a passive failure by Equation (12),
while negative values leads to an active failure.

K. can be solved applying the p-case approach
where oy from Figure 2 is set to ¢ -cote’. The p-
case is then solved assuming ¢’ = 0 and the nor-
mal stress components are reduced by c’-cote’
before being used to establish the unit earth pres-
sure.

For a horizontal surface the c’-case can be
solved by the equation K¢ = (K, -1)-cotep’ by
which K. can be derived from K.
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3 INCLINED SURCHARGE CASE

When looking at Figure 4, the soil surface is sub-
jected to a normal stress oy and a shear stress 1,
which follows from an inclined soil surface, and
n therefore vanishes when g = 0. Tangential sur-
face load components are thus to be added sepa-
rately in the equations in Section 2 and this can
be introduced in different ways. The shear stress
acting along the soil surface may be the only load
present, meaning that a possible normal stress is
zero. The shear stress will, however, often be
linked to some sort of vertical loading, e.g. a
braking load that will cause shear stresses along
the soil surface, but the braking load will often be
coupled with the weight of the braking vehicle.
The effect of a shear stress is therefore introduced
as illustrated on Figure 6.

Figure 6. Soil element at soil surface.

Figure 6 resembles Figure 2. The load p. is the
inclined surcharge per unit of surface area and oy
= pCos(Sotx) is the projection of p.on the local
n-axis while the projection on the local t-axis im-
plies 1. = p.sin(fotx). Eliminating o’y when set-
ting 7. = @, from Equation (2) and oo = o’ from
Equation (3), leads to:

cos2my+ ¢ + By + k) = —%(14)

Equation (14) represents a generalised version
of Equation (4) where the estimated value of m;
in (14) accounts for the shear stress z.. It is seen
that |fot«] < |@’|. Equation (14) can also be ob-
tained directly from Equation (4) when replacing
Bo in Figure 2 by Botx in Figure 6.
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The value of K, in Equation (12) must, how-
ever, also be updated to account for x# 0:

Ky = KicosBcos(B+ x) (15)

Where K, is the earth pressure coefficient for
the p-case including the effect of shear stresses
along the soil surface, and where K; shall be esti-
mated in accordance with Equation (13).

Section 2 can therefore be used to investigate
the effect of tangential surface load components
if Equations (4) and (12) are replaced by (14) and
(15), respectively.

When the effect of shear stresses along the soil
surface is included in the p-case, it shall not be
included in the ¢ -case at the same time. It may,
however, be left out in the p-case and included in
the ¢ -case.

4 RESULTS

The methods described in the previous sections
are applied to a vertical wall retaining soil with a
horizontal surface. The results are presented as
normalised values:

Kp.x
Knorm = Kpl:=o (16)

Ko« is estimated by Equation (15) (k#0) while
Ko, =0 reflects Equation (12) (x = 0). The value of
Krorm can therefore be multiplied on K, directly,
provided that K, has been estimated for similar
assumptions as K .

4.1 Passive surcharge case

Figure 7 shows the value of Knom against x for
various values of ¢’ using a fully rough vertical
wall for a passive case. lIdentical curves are found
using a partly rough wall, which may be ex-
plained by the fact that Knm is a normalised
value. The nominator in Equation (16) is based
on the same value of ¢ as the denominator, and
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A.4 - Theoritical modelling

the normalised result Knorm Seems to wash away

the effect of o.
1.1

1| Passive surcharge case }
1.0
0.9
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X - = 20°
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Figure 7. Knorm @gainst x for selected values of ¢’ as-
suming a passive failure for a vertical wall and a hor-
izontal soil surface k< 2¢%3.

Assuming x = +15° leads to an increase of ap-
proximately 5 % of the passive earth pressure co-
efficient, cf. Figure 7. Using x = -15° leads to a
reduction of approximately 20-25 %. Figure 8 de-
picts the extent of the Rankine and Prandtl zones
for x equal to +15°, 0° and -15° to illustrate the
distorted Rankine zone caused by shear stresses
along the soil surface.

+15° 0° -15°

Figure 8. Bounding slip lines for ¢’ = =30 ° and for
selected values of «.

Curves in line with the ones on Figure 7 have
been estimated using an inclined soil surface but
there seems to be no strong correlation between «
and g.

4.2 Active surcharge case

Figure 9 is based on an active case but using si-
milar assumptions as for Figure 7.
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Figure 9. Knorm @gainst x for selected values of ¢’ as-
suming an active failure for a vertical wall and a hor-
izontal soil surface kx<2¢ /3.

As found for the passive case in Figure 7, the
curves on Figure 9 do not change when using a
partly rough wall.

A possible link between the value of xand the
value of m; (Figure 6) was investigated. The angle
m; tends to reach 90° when « gets lower than
approximately -20° almost independently of ¢’,
which indicates that a different failure type will
develop instead of the investigated type.

Figure 9 shows that for x = +15°, the active
earth pressure coefficient is approximately 80 %
higher than the value found for = 0.

Figure 10 depicts the extent of the Rankine and
Prandtl zone for x = -15°, 0° and +15° to show
the variation in the rupture figure.

-15° 0° +15°

Figure 10. Bounding slip lines for ¢’ = 6 =-30° and
for selected values of «.

Figure 10 includes three small circles each pla-
ced on the lowest point of the Rankine zone
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Effect of tangential surface load components on earth pressure coefficients

(point C on Figure 4). For x = -15° the angle m;
is close to 90° and the extent of the Rankine zone
is limited. For x= +15° the extent of the Rankine
zone is rather significant.

5 UNIT WEIGHT CASE

If only shear stresses are added along the soil sur-
face for the pure y’-case, the soil will fail unless
normal stresses are included. This means that
shear and normal stresses must be combined in
the same case and this is covered by the surcharge
case. The y’-case shall therefore not be corrected
for possible shear stresses along the soil surface.

In the y’-case, the a- and b-lines are curved, so
a closed form expression cannot be established,
and numerical integration must be applied. For a
bearing capacity problem, the »’-case was solved
by (Lundgren & Mortensen 1953) and the pri-
mary author of the present paper used the same
technique to estimate the earth pressure coeffi-
cient, K,. The active earth pressure coefficient for
the y’-case can be set equal to that of the p-case
without introducing any real approximations.

Equations (18) and (19) are approximations to
the passive K, from (Mortensen 1995) and (Lund-
gren & Hansen 1965), respectively.

KM = K,/cosé (18)

KM = K, +0.007(e*™ — 1) (19)

Where K is the earth pressure coefficient from
the p-case, estimated using the &value in ques-
tion.

Figure 11 shows a slashed area marked with
K™ / K, being based on Equation (18). The
lower bound curve of the slashed area is the min-
imum value of the ratio K™/ K, for a given fric-
tion angle, allowing o to vary between ¢’/3 and
¢’; the Equations (18) and (19) are exact for a
smooth wall. The upper bound curve represents
the maximum value of the same range in o. The
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slashed area therefore shows the accuracy of the
approximation to K,. The similar range is shown
for K, / K,. The figure also shows the ratios es-
timated for 6= 2¢’/3.

1.05

1.00 E=

Normalised Ky [-]
o o o
[o2] [(e) ©
(3] o ()]

L L L

- = = kMK, with 5 = 2973

0.80 - LH

— Ky /Kywith 5 = 2¢'/3

0.75 T T T T T 1
20 25 30 35 40 45 50

9'[°]
Figure 11. Normalised evaluation of Equation (18)
and (19) against ¢’ using a vertical wall and a hori-
zontal soil surface together with x= 0.

Figure 11 shows that Equation (18) do not de-
viate more than 4 % from the theoretically correct
value provided that ¢’ < 45°. Equation (18) is
probably the most simple and accurate approxi-
mation to the theoretical value of K, for the pas-
sive case.

6 DISCUSSIONS

If referring to Eurocode EN 1991-2, the charac-
teristic value of the lateral braking load of a train
is approximately 25 kN/m, while the correspond-
ing vertical load from Load Model 71 is either 80
kN/m or 156 kN/m with the latter representing
the effect from concentrated axels. The resulting
surcharge load is thus inclined by x=+9° or +17°
= atan(25/80).

If the horizontal rails pass a tunnel established
in a frictional fill with a design value of ¢’ = 30°,
the effect of x= +9° (or 156 kN/m) implies that
the active pressure from surcharge on the tunnel
wall should be increased by a factor of 1.33 rela-
tive to x=0°, cf. Figure 9. For the 17° load incli-
nation, the corresponding factor is 1.79 (80
KN/m).
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A.4 - Theoritical modelling

The resulting effect is therefore that the load
from the load case with the largest vertical line
load is further increased with an additional factor
on the surcharge part being approximately equal
to the partial factor on the load itself.

This conclusion relies on the braking load be-
ing resisted by lateral shear stresses in the soil be-
low the footprint area of the train. The rails may
distribute the braking load to areas outside the
footprint area of the train causing « to decrease
but the passive resistance on the other side of the
tunnel would thus reduce, cf. Figure 7.

When evaluating the value of K, . for a given
case, a simpler approach can be considered. Fig-
ure 12 assumes that an active earth pressure coef-
ficient can be estimated by 1 - sing’, and the safe
zone on Figure 12 reflects that 1-sing’ > K«
where K, « has been estimated by Equation (15).
Figure 12 hereby shows when (1-sing’) is unsafe.

19 ~

18

17

= 16 4
MG

Safe zone using (1-sing'

15 4

14 +

13 +
20 25 30 35 40 45 50
9'[°]
Figure 12. Estimated link between ¢’ and xassuming
(1-sing’) = K, « for an active case using a horizontal
soil surface and a vertical wall.

7 CONCLUSIONS

The theoretical basis for deriving the traditional
earth pressure coefficients for the p-case has been
given and procedures for the ¢ -case are sketched.
For the y’-case it has been suggested that the ac-
tive state may be modelled by the active earth
pressure coefficient from the p-case, while the
passive y’-case should be found from Equation
(18).

When introducing shear stresses along the soil
surface, the p-case should be adjusted to reflect
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the change in boundary condition, whereas the y’-
case and the ¢ -case should not. Graphs have been
included to aid this adjustment.

The passive surcharge pressure increases by
approximately 5 % whereas the active surcharge
pressure increases by approximately 80 % when
the shear stresses act towards the retaining wall
depending on the value of the shear stress in ques-
tion.
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