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Simple probabilistic analysis of drained and undrained
slope stability using Janbu‘s direct method

Analyse probabiliste simple de la stabilité en comportement drainé
et non drainé d’une pente utilisant la méthode directe de Janbu
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ABSTRACT: It is well known that parameters characterizing the mechanical behavior of soils are highly un-
certain. With the advancement of numerical methods and increasing computational capacity, probabilistic anal-
ysis is where geotechnics should be heading in the near future. In this short essay, focus will be on simple prob-
abilistic analysis of slope stability problems using Janbu’s stability charts in the spreadsheet platform. Both
drained and undrained conditions will be considered. Furthermore, the results of the analysis are interpreted in
terms of partial factors such that they can be used with code specifications either according to absolute partial
factor requirement or the so-called «percentage improvements» requirement for natural slopes.

RESUME: Il est bien connu que les paramétres caractérisant le comportement mécanique du sol sont trés incer-
tains. L’avancée des méthodes de calcul numérique et I’amélioration des capacités de traitement rendent possible,
dans un futur proche, I’utilisation courante de 1'analyse probabiliste en géotechnique. Dans cet article, I’attention
est portée sur une analyse probabiliste de stabilité de pente basée sur des tableaux de stabilité implémentés dans
des feuilles de calcul. Les comportements drainé et non drainé sont présentés. Les résultats sont présentés sous
forme de coefficients partiels afin d’étre utilisés en lien avec les exigences présentées dans les codes en terme de
facteur de sécurité partiel ou dans I’approche nommée « percentage improvement » pour I’amélioration de la
stabilité de pentes naturelles.

Keywords: Janbu‘s direct method; stability charts, probabilistic analysis; slope stability; partial factors; per-
centwise improvement

1 INTRODUCTION results. However, with the current development
of computing machines and various easy to use
tools this trend is likely to change.

Simple probabilistic models can be easily pro-
grammed in to a spreadsheet (Low 2003) and can
be used for performing simple probabilistic anal-
ysis. This paper intends to present a probabilistic
analysis of slope stability problems using the

Probabilistic methods give a scientific way of
dealing with uncertainties. However, their use in
the day today geotechnical engineering is limited.
Part of the reason is the (real and assumed) longer
calculation time required to perform probabilistic
analyses and the limited experience to check the
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B.2 - Slopes stabilization and earthworks

Monte Carlo and the Hasofer-Lind probabilistic
analysis methods. Janbus stability charts (Janbu
1954a) are used for defining the performance
function related to the slope stability. For facili-
tating their use in a spreadsheet, some analytical
forms which approximate the charts with reason-
able accuracy were developed. Further, the link-
ing of the results to partial factors is demon-
strated.

2 JANBU‘S STABILITY CHARTS

Janbu (1954a) established a number of charts,
collectively known as stability charts, for a sim-
plified calculation of factor of safety of slopes un-
der drained and undrained conditions. Next,
Janbu’s stability charts are introduced and some
approximating formulas are given.

2.1 Drained

For drained conditions, the factor of safety, F,
considering a toe slip circle, is defined as:

_ Nege
F = Py (1)

where Ney = f(Zep = 22 cotf) is the sta-
bility number that is red from charts for a given
slope angle 6 and calculated 4.,,. c and ¢ are the
spatial average cohesion and the spatial average

.. . H+q—-YywH,
friction angle of the soil mass. P; = F—1YwZw
Hqlwlt
. .. H+q-ywH .
is the driving force and P, = % is the
qHt'w

resisting force, y is the unit weight of the soil
mass, H is the slope height, q is the surcharge
load, y,, is unit weight of water and Hy, is the tail
water depth, ug, py, 1y, and p, are correction
factors for surcharge, tail water, body water and
tension cracks respectively. The stability charts
include charts for these correction factors as well,
See Figure 1 for illustration.

The following approximations were found to
represent the various curves adequately.

= @y (Hy/H)? + by, (Hy/H) + ¢, (2)
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He = aq (@/vH)* +bg (a/YH) +¢q  (3)
te = by (He/H) + ¢ 4)
where all fitting parameters are functions of the

slope angle, 6, Table 1. And the stability number,
Ny, is approximated according to

Ner = ay(Aep) cot8 + by (Ace) 5)
N is partitioned in cotd for producing simple

equations that can adequately represent the
curves, Table 2.

-
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Figure 1. Sketch and plots for the drained stability
number

Table 1. Values for fitting parameters
& ¢ r
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aw -5.49x10°° 1.1x107 5.3x10°®
bw 5.07x10°® -1.09x102 5.74x10°3
Cw 0 0 1

agq 3.564x10° 3.268x10°3 3.3x10°®
bq 0 -8,2x10°3 -6.222x10*
Cq 0 0 1

b: -2.517x10° 6.671x10°3 1.95x10°
Ct 0 0 1

Table 2. Values for fitting parameters ay and by

cot 8/ an bn
<1 | 0.92e+1712 | 05n(1—f,)
15851, +
-0.6651,, —

(D0 | 5395+ g T
0.5n(l—f) | > 1
0.93(1c, +

(1,2)/210 Vany —0.57(V3 - f,)

3

10231, + -2an+2.505,,

2/<10 0.271 +7.107
1.0231,,, + i

22/210 0271 | 2an+2.0731,,+11.95

fi =4y +13; f, = \[4dc, + 22

2.2 Undrained

For undrained conditions, the factor of safety, F,
is defined as:

F =" (6)

Pg

where the stability number Ny is red from a chart,
Figure 2, depending on the slope angle and the
depth of hard bedding below the foot of the slope,
Cu is the spatial average undrained shear strength
of the soil and, Py is the driving force calculated
according to

H+q—-ywH,
P, = Y wiw 7
d Hqhwht ( )

The various variables and the correction factors
are as defined before.
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Figure 2. Sketch and plots of undrained stability
number against slope angle.

3 USING THE MONTE CARLO
METHOD

The Monte Carlo method is among the level 111
probabilistic methods and uses the possibility of
drawing random numbers from a uniform proba-
bility density function between zero and one
(CUR-publicatie 190. 1997).

The non-exceedance probability of an arbitrary
random variable is uniformly distributed between
zero and one, regardless of the distribution of the
variable, i.e.

E(x) =Xy x = Fx_l(xu)v (8)
where Xy is the uniformly distributed variable be-

tween zero and one; Fx(x) is the non-exceedance
probability p(x<x), Fx* is the inverse of the prob-
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ability distribution of x. Using this formula a ran-
dom number x can be generated from an arbitrary
distribution Fyx(x) drawing a number x, from the
uniform distribution between zero and one.

By taking i number of realizations of the uniform
probability distribution between zero and one, a
value can be determined for every X,

Xi = Fit (ui/ %1, Xg, o, Xi-1) (9)

For statistically independent base variables, this
can be simplified to x; = F;* (xy;).

By repeating this procedure a large number of
times and evaluating the performance function,
the probability of failure can be estimated with

n
pfz—f,

;. (10)
where n is the total number of simulations, ns is
the number of simulations, for which the perfor-
mance function Z<0. The reliability index is then
calculated from the failure probability assuming
normal distribution. The sensitivity of the relia-
bility index to each partaking random variable
can then be approximated by:

cov(x;,Z)

a; = (11)

Oxi0Zz

The required minimum number of simulations
is related to the maximum relative error accepted,
the reliability of the resulting failure probability
and the failure probability itself.

The number of simulations can be reduced by ap-
plying importance sampling.

The following cookbook is followed for imple-
menting Monte Carlo probabilistic assessment of
slope stability in a spreadsheet using Janbu’s di-
rect method for defining the performance func-
tion.

- A uniformly distributed random number be-
tween 0 and 1 is generated for each random
variable using the Excel function, Rand ().
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- The normal inverse of the generated numbers
is calculated and transformed into the speci-
fied distribution space according to the input
mean and standard deviation of the variable in
concern.

- A performance function, Z=F—-1=0 is
defined according to Janbu’s direct method;
the performance function is then evaluated for
the combination of the randomly generated in-
put parameters.

- Out of a total of n realizations, the number of
times Z < 0 is counted and the probability of
failure is approximated according to Equation
10.

- The reliability index is calculated by taking
the negative of normsinv of the failure proba-
bility. Normsinv is an inbuilt excel function
for calculating the inverse of probability of an
event for a normally distributed variable.

- The sensitivity coefficient of each partaking
variable is calculated according to Equation
11.

Note that for the sake of simplicity the base
variables are assumed to be statistically inde-
pendent. Example calculations are presented
next.

3.1 Example probabilistic analysis of
drained stability

An example slope of height 10.3 m and inclina-
tion 26 degrees with soil parameters and their dis-
tribution in Table 3 is considered. Monte Carlo
simulation was carried out in a spreadsheet by
generating a total of 150,000 uniformly distrib-
uted random numbers between 0 and 1 for each
parameter. The generated random numbers show
some weak correlation but not that significant.
The variation of the various quantities are pre-
sented in Figures 3, 4, 5 and 6. The probability of
failure is then calculated to be about 0.034 which
corresponds approximately to a reliability index
of 1.82. The calculated sensitivity coefficients
and the design values of each partaking variable
is presented in Table 4. For the calculated exam-
ple, the dominant strength variable is the friction
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angle and the dominant load variable is the body
water height, H' ,,.

Table 3. Input parameters for the example slope

Variable Dist. mean stdv.
Unit weight of soil, ys

KN/ g l§ LN 20 1
Cohesion [kPa] LN 29 0.6
Friction angle, ¢[°] LN 30 1.7
Surcharge load, g [kPa] LN 10 4
Tension cracks, Hi[m] LN 0.5 0.1

Tail water depth, Hw[m] LN 2 0.2
Body water height, Hw’ LN 6 06

[m]

LN =Log Normal

Table 4. Sensitivity and value of each partaking ran-
dom variable at the design point

Variable o v*

Unit weight of soil, ys )

[KN/m?] 0.1 20.1
Friction angle, @[°] 0.76 27.7
Cohesion [kPa] 0.40 2.5
Surcharge load, g [kPa] -0.02 10.2
Tension cracks, H:[m] -0.02 0.5
Tail water depth, Hw[m] 0.1 2
Body water height, Hw’ [m] -0.5 6.5

65 o
- 55 oo 9% & S%
&

15
25 30 35

Figure 3. The variation of the variable A, with cohe-

sion and friction during the Monte Carlo simulations
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Figure 4. Variation of the stability number with
Aco during the Monte Carlo simulations.
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Figure 5. Variation of the correction factors during
the Monte Carlo simulations
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Figure 6. Frequency analysis results of the resistance
and the load variables.

3.2 Example probabilistic analysis of
undrained stability

Here, we consider the slope geometry in the pre-
vious example. Input parameters are presented in
Table 5. Furthermore, assuming toe circle, the
stability number, No = 6.6 is red from the corre-
sponding diagram, Figure 2. The depth parameter
can also be considered as a stochastic variable.

Monte Carlo simulation was carried out in a
spreadsheet by generating a total of 107278 uni-
formly distributed random numbers between 0
and 1 for each parameter. The generated random
numbers show some weak correlation but not that
significant. The probability of failure is then cal-
culated to be about 6.8 x 102 which corresponds
approximately to a reliability index of 1.49. The
frequency distribution of the various parameters,
the resistance and the load and the performance
function are presented in Figure 7. Note that the
region S > R (F — 1 < 0) is where failure is ex-
pected. Table 6 contains the influence coefficient
of each partaking variable and their value at the
design point.

Table 5. Input parameters for the example slope

Variable Dist. mean stdv
Unit weight of soil, LN 20 1
1s[KN/m?]

Undrained shear LN 44 8.8

strength, cu [kPa]

Surcharge load, q [kPa] LN 10 5
Tension cracks, Ht[m] - - -
Tail water depth, Hw [m] - - -
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Figure 7. The frequency distribution of the input vari-
ables (7 q and cy), resistance (R=Noc,) and loads
(s=P4) and the performance function (Z=F-1).

Table 6. Sensitivity and value of each part

Variable a v*
Unit weight of soil, ys[kN/mq] 0.23 203
Undrained shear strength, cu - 31.3
[kPa] 0.97
Surcharge load, q [kPa] 0.11 109

Tension cracks, H¢[m] - -
Tail water depth, Hw [m] - -

o =sensitivity, v*=values of the variables at the design
point.

4 USING THE HASOFER-LIND
METHOD

The Hasofer-Lind Method (Hasofer and Lind,
1974), falls in the category of Level Il reliability
methods. It entails linearizing the performance
function at a carefully selected point and approx-
imating the probability of distribution of each
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variable by a standard normal distribution func-
tion. The methodology is summarized in the fol-
lowing three steps:

- At the design point, the distribution of each var-
iable is approximated by a normal distribution
function - according to the so-called normal tail
approximation (Rackwitz and Fiessler, 1978).
Then, the value of each variable at the design
point is transformed to a standard normal space.
The transformation rule is according to

o (12)
where v; is a vector of random variables, and
w; and g; are respectively their mean and their
standard deviation.

The minimum distance from the edge of the
limit state surface (Z=0) to the origin in the
transformed co-ordinate system is then the Has-
ofer-Lind reliability index and is obtained by
solving the optimization problem:

B = minvVuTR~1u

z=0

Uu; =

(13)

where, u (Equation 12) is the vector of the trans-
formed random variables and R is the correlation
matrix. In so doing, we find the most probable
failure point.

The sensitivity coefficients are calculated ac-
cording to

Vi —Hi
o; (14)
where v;" are values of the partaking variable at
the design point. In which we adopt the sign con-
vention that «; is positive for strength like varia-
bles and negative for load like variables.

The Hasofer-Lind method is implemented in
excel spreadsheet together with Janbu’s direct
method for both short-term (undrained) and long-
term (drained) reliability analysis of stability of
slopes. The inbuilt Excel solver is used for per-
forming the optimization. Next, the previous ex-
amples are recalculated using the Hasofer-Lind
method.

a; = —

IGS

4.1 Probabilistic analysis of drained
stability

Input parameters are given in Table 3. The calcu-
lated reliability index is 1.89. The probability of
failure is then approximated as p(F <0) =
®(—B) = 0.03. The resulting sensitivity coeffi-
cients and values at the design point are presented
in Table 7. The results compare well with those
obtained using the Monte Carlo method.

The sensitivity coefficients imply that the
dominant strength variable is the friction angle
and the dominant load variable is the body water
height.

Table 7. Sensitivity coefficients and value of each par-
taking random variable at the design point

variable o v*
Unit weight of soil, i

ys [KN/m?] 0.01 20
Friction angle, ¢ 074 277
[°] ' '
Cohesion [kPa] 0.38 25
Surcharge load, q )

[kPal 0.13 10
Tension cracks, Ht -0.03 05
[m]

Tail water depth, 014 1.94
Hw [m]

Body water height, -0.52 6.6
HW, [m]

4.2 Probabilistic analysis of undrained
stability

The example slope used in the Monte Carlo sim-
ulation with the input parameters in Table 5 is
considered. The calculated reliability index is
1.33. The probability of failure is then approxi-
mated as p(F < 0) = ®(—p) = 0.091. The re-
sulting sensitivity and values at the design point
are presented in Table 8. These results compare
well with those obtained from the Monte Carlo
simulation.

Some analytical solutions which can be used
for a quick check are presented in Appendix.
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Table 8. Sensitivity and value of each part
Variable a V*
Unit weight of soil, ys[kN/m?] -0.23 20
Undrained shear strength, cu[kPa] 0.97 33

Terrain load, q [kPa] -0.10 10
Tension cracks, Hi[m] 0 -
Tail water depth, Hw [m] 0 -

5 RELATING TO THE PARTIAL
FACTOR APPROACH

5.1 Partial factors

In the limit state approach, the representative val-
ues of the variables associated with the resistance
are divided by a factor greater than one, say yr,
while representative values of the variables asso-
ciated with loads are multiplied by a factor less
than one, say ys. The multiplying factors, yr and
vs are called partial factors, Figure 8.

The partial factors associated with each variable
can be calculated according to

Vi= e (15)
where V; is the coefficient of variation and de-
fined as the quotient of standard deviation to
mean, k; depends on the definition of the char-
acteristic value of each parameter. The definition
of the characteristic strength is somewhat arbi-
trary in the geotechnical engineering practice.
For instance mean value, a low quantile in the
probability distribution (5% quantile, 2.3% quan-
tile) and the most probable value have been rec-
ommended (DNVGL-RP-C207, 2017).
Equation 15 implies that y; is greater as:
- the absolute value of the influence coefficient ai
is greater

- the desired reliability g is higher.
- the variance coefficient v; is greater.

Partial factors are calculated for the undrained
Monte-Carlo simulation is presented in Table 9,
for instance.
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Figure 8. lllustration of the partial factor principle (R-
resistance, S-load)

Table 9. Input parameters for the example slope
Variable i

Unit weight of soil, ys[kN/m?] 0.98
Undrained shear strength, cu[kPa] 1.40
Surcharge load, q [kPa] 0.92

5.2 Required absolute partial factor

Once the results are interpreted in terms of partial
factors, they can be compared to code specified
values. Design codes provide partial factors for
resistances and loads. The partial factors derived
from the probabilistic analysis calculated accord-
ing to Equation 15 can be compared to those pro-
vided in the codes. The slope can be said to be
safe enough if the calculated partial factors are
higher than those required in the codes. Further-
more, the required absolute partial factor can be
calculated based on target reliability index ac-
cording to the reliability class of the project (L&n-
sivaara and Poutanen 2013) or depending on ac-
ceptable consequences.

5.3 Percentage improvement for undrained
slopes

For natural slopes, the philosophy of percent-
age improvement has been proposed (NVEs
7/2014). The required percentage improvement is
defined as

Yimp—Yinitial (1 4)

Yinitial

% — imp. =
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where y;n,, is the partial factor for the resistance
after the improvement. Note that — partial factors
can be improved by improving one or more of the
following derived quantities - reliability index,
sensitivity, and coefficient of variation of the
given parameter. These quantities can further be
related to the geometry of the slope (height and
slope angle), the mean value of the shear strength
and its standard deviation, the unit weight of the
soil, other external loads and restraints. Improv-
ing one or more of these inputs should improve
the reliability of the slope.

The procedures for linking results from proba-
bilistic analysis with the percentage improvement
concept through the method partial factors is as
follows.

- Calculate the initial partial factor of the desired
parameter, say the undrained shear strength.

- Obtain (from chart, eg. Figure 10) the percent
improvement required and thus the desired par-
tial factor which shall be obtained after im-
provement.

- Perform reliability analyses that includes im-
provement and calculate the new partial factor
depending on the newly obtained reliability in-
dex and compare it to the desired partial factor.

- If the stabilizing measure is satisfactory, then
propose the measure, if not propose an addi-
tional measure, or a new measure until required
the partial safety factor is achieved.

v \
15

14
1,3

12

1,1

Initiell partialfaktor v,

1

0 5 10 15 20
Initiell %-vis forbedring

Figure 10: Required % improvement of stability con-
ditions for total stress analyses. NVE 7/2014.
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6 SUMMARY AND CONCLUSIONS

Simple spreadsheet based probabilistic analyses
of slope stability problems using the Monte Carlo
method and the Hasofer-Lind method were pre-
sented.

The performance function is defined according
to Janbu’s direct method which entails the use of
a number of charts. For making the spreadsheet
implementation possible, analytical approxima-
tions of some of the curves of Janbu’s stability
charts were developed.

From the probabilistic slope stability analysis
which is done in a matter of seconds, one obtains
the reliability index, the probability of failure, the
sensitivity coefficients of each partaking varia-
ble, and various important plots as demonstrated
using examples.

From the calculated sensitivity coefficients of
the partaking variables one can easily notice var-
iables that dominate the slope stability problem
more objectively.

Probabilistic approaches offer us a powerful
framework for looking at and taking into consid-
eration of uncertainties in various parameters sys-
tematically. The existing experience and recom-
mendations in design codes can be maintained by
evaluating the results in terms of partial factors.
Interpretation of the results of probabilistic anal-
yses in terms of partial factors allows the practic-
ing engineer to evaluate them according to either
absolute partial factor requirement or the %-im-
provement requirement. However, for using the
partial factor concept, the characteristic value
must be clearly and precisely defined.

The approach being accessible to the Excel
platform can be a handy tool for the practicing
engineer. The results would fall short in areas
where Janbu’s stability charts are not adequate
enough. Janbu’s stability charts were derived as-
suming circular slip surfaces and can therefore be
more applicable to slope stability problems which
can be adequately solved with circular slip sur-
faces. One way to enhance the model without sig-
nificantly changing the approach is considering a
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variable for model uncertainty into the perfor-
mance function.

In this paper, lognormally distributed random
variables were considered. However, other distri-
butions can be easily implemented.
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APPENDIX

For undrained slope stability problems, the per-
formance function is linear. If the parameters are
assumed to be normally distributed, the reliability
index can be solved analytically and is given as:

Notey—Hy—1L
= Toter iyt @

voTRe

where R is the correlation matrix, o is the vector
of standard deviation of each random variable
multiplied by constants that appear before each
variable in the performance function. A reliabil-
ity index of 1.258 is obtained for the example in
section 4.2. It is known that considering normal
distribution gives a conservative estimate of the
reliability index. Furthermore, if the variables
were uncorrelated, i.e., p = 0, the influence fac-
tors, o for each variable can then be shown to be:

Noocy

Teu = / 2 2 2,24 52 (2)
Ngyocy+H ay+aq
Ho
ay - 2 2 yz 2, 2 (3)
Ngozy+tH0y+0g
[
g = — . (4)
NZol,+H20}+0?

It can be easily shown that a2, + a7 + af = 1.
For the input parameters in Table 5, the influence
factors are calculated to be a, = 0.98, a), = -
0.169 and a, = -0.084. Analytical solution can
be formulated if the variables were lognormally
distributed by considering the performance func-
tion

Z = InNy + Incy, — InPy. (5)
A reliability index of 1.31 was found for the ex-

ample in section 4.2, assuming load and strength
variables are lognormally distributed.

IGS



