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ABSTRACT:  Cyclic stress-based empirical liquefaction potential assessment is generally based on the results 

of CPT, SPT or shear wave velocity (VS) measurements. In more complex or high-risk projects, CPT and VS 

measurement are often performed at the same location commonly in the form of seismic CPT. However, com-

bined use of both in-situ indices in one single empirical method has been limited. After the compilation of a case 

history database, the authors have developed a combined probabilistic method where the results of CPT and VS 

measurement can be used in parallel. The fact that peak ground acceleration, used commonly for empirical liq-

uefaction assessment, is not capable of characterizing the entire ground motion impelled the development of 

energy-related intensity measures to characterize seismic demand. To adopt this approach, the developed equa-

tion was also derived with Arias intensity as the intensity measure characterizing the ground motion. The main 

goal of this paper was to evaluate the prediction capability of the developed equations on an independent dataset 

of the 2010-2011 Canterbury Earthquake Sequence and compare it with commonly used empirical procedures. 

Although, our cyclic stress-based equation had worse overall performance than the most commonly used empir-

ical methods, the result was still promising as it yielded the lowest number of mispredicted cases. On the other 

hand, the performance of the Arias intensity-based equation reflected a major drawback in the procedure.    
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1 INTRODUCTION 

Soil liquefaction is one of the most devastating 

secondary effects of earthquakes and can cause 

significant damage in the built infrastructure. For 

this reason, liquefaction hazard shall be consid-

ered in all regions where moderate-to-high seis-

mic activity encounters with saturated, loose, 

granular soil deposits. Several approaches exist 

to consider this hazard, from which the in-situ 

test-based empirical methods are the most com-

monly used in practice. 

The triggering earthquake is considered by its 

magnitude and maximum horizontal acceleration 

on the ground surface (amax). The resistance of 

soil is usually determined based on an in-situ test, 

such as Cone Penetration Test (CPT), Standard 

Penetration Test (SPT) or shear wave velocity 

(VS) measurement. In more complex or high-risk 
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projects, CPT and VS measurement are often per-

formed at the same location, commonly in the 

form of Seismic Cone Penetration Test (sCPT). 

However, even if the results of the two tests are 

available for the same spot, empirical liquefac-

tion potential evaluation can be performed using 

either of them, but combined use of the data in 

one single method has been limited. In order to 

surmount this issue, the authors have developed 

an empirical method, which exploits both the re-

sults of CPT and VS measurement (Bán et al. 

2016). 

The inability of peak acceleration to character-

ize the entire ground motion and the complex un-

certainty arising from the need of two ground mo-

tion information impelled the development of 

energy-related intensity measures to characterize 

seismic demand. This motivated the authors to re-

calculate the above-mentioned empirical method 

by using a well-known energy-related measure, 

the Arias intensity instead of amax to characterize 

the seismic loading (Bán et al. 2017).  

The first part of this paper summarizes the de-

velopment of the procedures and the obtained 

equations, and in the second part, their perfor-

mance is evaluated on an independent dataset. 

2 USE OF CPT AND VS IN 

LIQUEFACTION POTENTIAL 

EVALUATION 

Since the introduction of cyclic shear stress ap-

proach (Seed and Idriss 1971) several empirical 

methods have been published by different authors 

that can give a relatively reliable quantification of 

factor of safety or probability of liquefaction. In 

current engineering practice, the most commonly 

used CPT-based methods are the procedures pro-

posed by Robertson and Wride (1998), Moss et 

al. (2006), Idriss and Boulanger (2008) and Bou-

langer and Idriss (2014). As the use of CPT for 

ground profile characterization is very popular its 

application for liquefaction potential evaluation 

is also prevalent. 

Compared with CPT- and SPT-based methods, 

the methods based on VS tests are less widely 

used in practice for liquefaction potential evalua-

tion. For very long time the method of Andrus 

and Stokoe (2000) was used almost exclusively. 

The work of Kayen et al. (2013) made a huge step 

in the advancement of VS-based methods. Be-

sides the advanced statistical framework adopted 

by the authors, the most remarkable accomplish-

ment was the compilation of a global catalogue 

of 422 case histories. 

3 EMPIRICAL LIQUEFACTION 

POTENTIAL EVALUATION 

FRAMEWORK 

3.1 Field case history dataset 

Development of an empirical procedure starts 

with the compilation of an extensive and quality 

database of liquefaction and non-liquefaction 

cases from previous earthquakes. Through care-

ful review of existing CPT and VS datasets, 98 

cases were found where both measurements are 

available. As locations where liquefaction 

occurred are more enticing for post-earthquake 

field investigators than sites where no apparent 

liquefaction occurred, the assembled dataset over 

represents liquefied sites (68 sites) relative to 

non-liquefied sites (30 sites). 

The core of the database was assembled from 

the CPT case history catalogue of Moss et al. 

(2006) and VS dataset of Kayen et al. (2013), 

which were supplemented with additional case 

histries gathered from several other publications. 

The final database consists case histories from 12 

earthquakes (1975 Haicheng, 1976 Tangshan, 

1979 Imperial Valley, 1981 Westmoreland, 1983 

Borah Peak, 1987 Elmore Ranch, 1987 

Superstition Hills, 1989 Loma Prieta, 1999 Chi-

Chi, 1999 Kocaeli, 2008 Achaia-Elia, 2011 Great 

Tohoku). 
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3.2 Seismic loading 

According to the framework of cyclic stress-

based simplified empirical procedures, seismic 

demand induced by an earthquake can be 

represented by the Cyclic Stress Ratio (CSR) at a 

depth z below ground surface using the following 

expression (Seed and Idriss 1971): 

 

CSR = 0.65
𝑎𝑚𝑎𝑥

𝑔

𝜎𝑣

𝜎′𝑣
𝑟𝑑 (1) 

 

Where g (m/s2) is the gravitational accelera-

tion, 𝑟𝑑 is the shear stress reduction factor, 𝜎𝑣 and 

𝜎′𝑣 (kPa) is the total and effective vertical stress, 

respectively.  

The CSR is generally normalized to 7.5 

magnitude and 1 atm effective vertical stress to 

take into account duration – or number of 

equivalent cycles – of different earthquakes and 

the dependency of cyclic liquefaction on 

effective overburden stress. For these 

corrections, the recommendations of Idriss and 

Boulanger (2008) were followed. 

Energy related methods are a relatively new 

concept. The approach originated from the 

observation that hysteric dissipated energy can be 

related to volumetric strain and thus pore pressure 

generation. There have been several proposals for 

estimating dissipated energy both directly from 

earthquake source parameters, and from site 

intensity measures such as Arias intensity (Ih). 

Originally developed by Arias (1970) to quantify 

the destructiveness of earthquake motions on 

buildings, Arias intensity is “the sum of the two 

component energy per unit weight stored in a 

population of undamped linear oscillators evenly 

distributed in frequency, at the end of earthquake 

shaking.” Arias intensity may be computed using 

the following equation: 

 

Iℎ =
𝜋

2𝑔
[∫ 𝑎𝑥

2(𝑡)𝑑𝑡 + ∫ 𝑎𝑦
2(𝑡)𝑑𝑡

𝑡0
0

𝑡0
0

] (2) 

 

Where 𝑎𝑥(𝑡) (m/s2) is the horizontal 

acceleration time history in the x-direction, 𝑎𝑦(𝑡) 

(m/s2) is the horizontal acceleration time history 

in the y-direction, and 𝑡0 (sec) is the total duration 

of earthquake shaking. 

Arias intensity at the surface of the soil profile 

can be converted to its corresponding value at the 

liquefied critical depth (Ihb) using a reduction 

parameter that was statistically derived by Kayen 

and Mitchell (1998): 

 

𝑟𝑏 = 𝑒𝑥𝑝 (
35

𝑀𝑤
2 𝑠𝑖𝑛(0.09𝑧)) (3) 

 
Where z (m) is the depth below the ground 

surface, Mw is the moment magnitude and the 

term (-0.09×z) is in radians. 

Arias intensity of the compiled cases was 

determined using Kayen’s (1993) attenuation 

relationship for soft soil sites: 

 

log(𝐼ℎ) = 𝑀𝑤 − 3.4 − 2log⁡(𝑟∗) (4) 

 

Where r* is the Pythagorean distance between 

the site and the closest distance to the fault 

rupture plane at the earthquake focal depth. As in 

most of the cases, the closest distance to the fault 

rupture plane was not available in the 

aforementioned datasets; as a simplification r* 

was replaced by the Pythagorean distance 

calculated from the epicentral distance and focal 

depth. 

An Arias intensity-based liquefaction potential 

evaluation procedure was presented by Kayen 

and Mitchell (1997). Although, it is a promising 

alternative to replace stress-based methods and 

Arias intensity has the advantage that it reflects 

frequency content, amplitude and duration of the 

ground motion, its application is limited due to 

the lack of experience and verification.  

3.3 Soil capacity 

The effect of overburden stress on CPT 

meausrement is typically accounted for by 

normalizing the tip resistance measured at a given 

depth to a reference effective stress of 100 kPa. 

Similarly to CSR, the procedure recommended 

by Idriss and Boulanger (2008) was followed to 
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take into account this effect. The role of fines on 

liquefaction susceptibility is a somewhat 

contentious topic. Nevertheless, it is agreed that 

if the fines content (FC) exceeds approximately 

35-40%, the coarser grains will “float” in the 

matrix of fine-size particles and the cyclic 

behaviour of the soil will be governed by the 

fines. For the development of the equation, 

equivalent clean sand values of the tip resistance 

were determined using the updated equation of 

Boulanger and Idriss (2014). As well as CPT tip 

resistance, VS is also routinely normalized to an 

equivalent value measured at 100 kPa effective 

overburden stress (Robertson et al. 1992). VS 

measurement is not capable of detecting small 

differences in fines content, i.e. VS is relatively 

insensitive to FC. Compared to uncertainties 

arising from other parts of the methodology this 

correction would be fairly negligible; thus, FC 

correction of shear wave velocity was neglected. 

3.4 Input parameters for logistic regression 

After performing all of the above discussed 

normalization and corrections, three explanatory 

variables remained to participate in the logistic 

regression: the equivalent clean sand value of 

normalized overburden corrected cone tip 

resistance (qc1Ncs), the overburden corrected shear 

wave velocity (VS1), and the loading parameter 

that is the magnitude and effective stress 

corrected cyclic stress ratio (CSR*) in the cyclic 

stress-based approach, and the Arias intensity 

(Ihb) in the energy-related approach.  

There is no general agreement how the 

variables should be incorporated in the logistic 

regression, should they be used in their 

logarithmic, polynomial or untransformed form. 

A general recommendation is that variables 

should be transformed so that their frequency 

distribution should be approximately normal. 

Following this guideline, the loading parameters 

(CSR and Arias intensity) were included in the 

regression by its natural logarithm, while qc1Ncs 

and VS1 remained untransformed. 

4 LOGISTIC REGRESSION 

Logistic regression is often used to explore the 

relationship between a binary response and a set 

of explanatory variables. The occurrence or 

absence of liquefaction can be considered as 

binary outcome and the previously summarized 

three parameters are the explanatory variables. 

The key components of the regression are the 

formulation of a limit state model that has a value 

of zero at the limit state and is negative and 

positive for liquefaction and non-liquefaction 

cases, respectively, and a likelihood function that 

is proportional to the conditional probability of 

observing a particular event assuming a given a 

set of parameters. The approach of Cetin et al. 

(2002) was adopted to form the limit state 

function. 

Assuming the statistical independence of the 

observations compiled from different sites, the 

likelihood function can be written as the product 

of the probabilities of the observations. As it was 

noted in Section 3.1, the dataset contains 

significantly more liquefaction cases than non-

liquefaction cases; this bias is undesirable in 

logistic regression and can adversely affect the 

result. A way to address this issue is to weight 

each class of cases according to the proportion of 

the other’s class population in the total database 

(Cetin et al. 2002). After taking the natural 

logarithm of the likelihood function that is more 

convenient to work with, the unknown 

parameters were determined using maximum 

likelihood estimation. 

5 PROBABILITY OF LIQUEFCATION 

The logistic regression using the likelihood 

function yielded the following result for the 

cyclic stress-based method (i.e. when the loading 

is described by the CSR) (Figure 1): 

 

P𝐿 = ⁡𝛷 [
0.08𝑉𝑠1+0.177𝑞𝑐1𝑁𝑐𝑠−8.40𝑙𝑛(𝐶𝑆𝑅

∗)−46.04

3.46
]

 (5) 
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The following equation was obtained when the 

loading parameter was replaced with the energy-

related Arias intensity:  

 

P𝐿 = ⁡𝛷 [
0.078𝑉𝑠1+0.221𝑞𝑐1𝑁𝑐𝑠−4.48𝑙𝑛(𝐼hb)−29.06

4.91
]

 (6) 

 

The denominator, that is the standard deviation 

of the error term, is of particular interest since it 

describes the efficiency of the liquefaction rela-

tionship. 

 

 
Figure 1  Cyclic resistance ratio surface corresponding 
to 50% of liquefaction probability (solid squares – 
liquefaction cases, hollow circles – non-liquefaction 
cases) 
 

The regressed standard deviation of the error 

term for the cyclic stress-based method is some-

what higher than that of other commonly used 

methods however the result is still promising 

given that this formula has seen little refinement 

so far. The regressed Arias intensity-based 

method seems less efficient (i.e. higher denomi-

nator) even though energy related integral param-

eters theoretically better quantify earthquake-im-

posed demands, which means that the standard 

deviation of error term should be lower in this 

methodology. The resulted inverse tendency 

(namely the logistic regression resulted in higher 

standard deviation) can be traced back to two 

main reasons: 1. attenuation relationships for amax 

are more advanced than for any other motion-re-

lated parameter, and the comprehensive research 

of previous authors resulted in a much more reli-

able quantification of amax  for the liquefaction da-

taset than that the authors could achieve for Arias 

intensity; 2. as the available source material for 

this research was limited, simplification of the 

used attenuation relationship was necessary for 

many cases that also increased the inherited un-

certainty of the method. 

The Cyclic Resistance Ratio (CRR) for a given 

probability of liquefaction can be expressed by 

rearranging Equation 5 and 6. This way, the equa-

tions can be used in deterministic analysis by se-

lecting a probability contour (typically PL= 15%) 

to separate liquefaction and non-liquefaction 

states 

6 PERFORMANCE OF PROCEDURES 

6.1 2010-2011 Canterbury Earthquake 

Sequence  

The 2010–2011 Canterbury Earthquake 

Sequence consisted two major earthquakes that 

induced widespread liquefaction: the Mw 7.1, 4 

September 2010 Darfield and the Mw 6.2, 22 

February 2011 Christchurch earthquakes. These 

ground motions were recorded across 

Christchurch and its environs by a dense network 

of strong motion stations. Also, due to the 

severity and spatial extent of liquefaction 

resulting from the 2010 Darfield earthquake, an 

extensive subsurface characterization program 

took place with over 10,000 CPT soundings 

(Green et al. 2014). 

The combination of well-documented 

liquefaction response during multiple events, 

densely recorded ground motions for the events, 

and detailed subsurface characterization provided 

an unprecedented opportunity to add numerous 
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quality case histories to the liquefaction database. 

The paper of Green et al. (2014) presented 50 

high-quality CPT test liquefaction case histories 

which consisted of 25 sites analysed for both the 

Darfield and Christchurch earthquakes. Besides, 

the compilation of quality liquefaction data, their 

goal was to compare and evaluate commonly 

used, cylcic stress- and CPT-based liquefaction 

evaluation procedures. An error index was used 

to quantify the overall performance of the 

procedures in relation to liquefaction 

observations. It was concluded that among them, 

the procedure proposed by Idriss and Boulanger 

(2008) results in the lowest error index for the 

case histories analysed, thus indicating better 

predictions of the observed liquefaction response. 

In a subsequent research of the same authors 

(Wood et al. 2017), they examined 46 of the 50 

case histories using shear wave velocity profiles 

derived from surface wave methods. The VS 

profiles have been used to evaluate the two most 

commonly used Vs-based simplified liquefaction 

evaluation procedures (Andrus and Stokoe and 

Kayen et al.). It was found that the Kayen et al. 

procedure outperforms the Andrus and Stokoe 

procedure but has slightly worse performance 

than that of the CPT-based Idriss and Boulanger 

method. 

The compiled case histories of the Canterbury 

Earthquake Sequence and the fact that they were 

explored by both CPT and Vs measurement 

provide an excellent opportunity for the 

verification of the developed combined methods 

and comparison with the most commonly used 

and best performing CPT- and VS-based methods 

(i.e. with the procedures of Idriss and Boulanger 

and Kayen et al.). 

6.2 Evaluation of procedures 

The papers of Green et al. (2014) and Wood et al. 

(2017) define an error index to quantitatively 

assess which liquefaction evaluation procedure 

yields the “most accurate” predictions for the 

analysed data. The two error indices used by the 

two papers are slightly different due to the nature 

of the CPT- and Vs-based procedures (i.e. the 

catalogue of the VS-based method of Kayen et al. 

didn’t have wide enough range to properly 

account for the Kσ effect). The proposed error 

indices equal zero if all the predictions correctly 

match the field observations but increase in value 

as the number and “magnitude” of the 

mispredictions increases. 

For present study, a similar concept was 

adopted to compare the different methods’ 

prediction capability. To allow direct comparison 

of the methods and to adopt a slightly more 

straightforward approach, mispredictions were 

quantified in terms of factor of safety (FS). On an 

individual case basis, the error index (EI) equals 

zero for a correct prediction of a Liquefaction or 

No Liquefaction case and equals the absolute 

value of 1 minus FS for mispredicted cases. 

Similarly to the referenced papers, to 

acknowledge the varying significance of the 

consequences of mispredicting cases, weighting 

factors are included in the error index: 1.0 for 

mispredicted liquefaction cases, and 0.5 for 

mispredicted no liquefaction cases: 

 

EI = ⁡0 for correct prediction  (7) 

EI = ⁡𝐹𝑆 − 1 for mispredicted liquefaction 

case 

EI = ⁡0.5(1 − 𝐹𝑆) for mispredicted nonlique-

faction case 

 

The computed error index values for the 46 

case histories are summarized in Table 1. Please 

note that the values of error indices are different 

from those presented in Green et al. (2014) and 

Wood et al. (2017) due to the different error index 

definition. Green et al. (2014) and Wood et al. 

(2017) categorized liquefaction cases based on 

their severity as “no liquefaction”, “minor lique-

faction”, “moderate liquefaction” and “severe 

liquefaction” case. For this study, the latter 3 

cases were considered as simply liquefaction 

cases and the first category was obviously the no 

liquefaction case. 
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Table 1. Error index and number of mispredicted sites for the evaluated liquefaction evaluation procedures 

Earthquake Parameter Idriss and 

Boulanger 

(2008) 

Kayen 

et al. 

(2014) 

Bán et al.  

cyclic 

stress-based 

Bán et al. 

Arias intensity-

based 

Darfield error index 0.731 0.498 1.450 3.893 

 number of mispredicted sites 5 3 5 10 

Christchurch error index 0.433 0.943 0.711 0.893 

 number of mispredicted sites 6 6 2 2 

Total error index 1.164 1.440 2.162 4.786 

 number of mispredicted sites 11 9 7 12 

Among the cyclic stress-based procedures, the 

equation of the authors has the highest error index 

term, so it has the worst prediction capability. As 

it is concluded by Wood et al. (2017) and con-

firmed by present comparison, the total error val-

ues indicate slightly better performance of Idriss 

and Boulanger CPT-based procedure than Kayen 

et al. Vs-based method. However, if one consid-

ers not the error index but the number of mispre-

dicted sites, the equation recommended by the 

authors outperforms the other two methods. The 

higher error index of the authors’ equation is 

mostly resulted by mispredicted no liquefaction 

sites for which both the CPT- and VS-based 

method predicted liquefaction with factors of 

safety around 0.6-0.8. As both measurements 

predicted false response, the recommended for-

mula based on both CPT and VS also predicted 

false response but due to the combination of 

them, its factor of safety is much lower, around 

0.3-0.4. On the other hand, during the Christ-

church earthquake the CPT- and VS-based proce-

dures predicted no liquefaction for some lique-

fied site (FS around 1.1), for which the developed 

combined formula predicted correct response.  

The Arias intensity-based equation has by far 

the worst performance among the examined 

methods. Given that the development of the equa-

tion is based on exactly the same dataset as the 

authors’ cyclic stress-based formula and fol-

lowed the exact same procedure, the calculated 

and used Arias intensity values for the compiled 

dataset are the only reason behind this considera-

bly worse performance. This implies that even 

though, Arias intensity is theoretically a better 

parameter to quantify earthquake demand, the 

simple attenuation relationship used for its deter-

mination is not advanced enough to reliably char-

acterize earthquake loading with regard to lique-

faction. This means that the accurate 

determination of Arias intensity (or any other 

loading parameter) should be a cornerstone for 

any energy-related liquefaction potential assess-

ment procedure that might not be achieved by us-

ing simple attenuation relationships.         

7 CONCLUSION 

CPT and VS measurement are often performed on 

the same location however the possibility to char-

acterize liquefaction potential with both indices 

in one single empirical method was limited so far. 

The authors have developed a cyclic stress- and 

an Arias intensity-based empirical method to 

quantify liquefaction hazard based on the com-

bined use of CPT tip resistance and VS. The per-

formance of the derived equations was then eval-

uated using an independent dataset of the 2010-

2011 Canterbury Earthquake Sequence. It was 

found that the developed cyclic stress-based 

equation has worse performance than other com-

monly used methods however the results are still 

promising as it yielded the lowest number of mis-

predicted cases. The developed Arias intensity-

based equation has the worst performance among 

the examined methods, implying that use of sim-

ple attenuation relationships might not be sophis-

ticated enough to determine the loading demand 

for the development of such procedure.   
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